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ABSTRACT: In this note, a procedure is developed to explicitly construct non-trivial F-
theory lifts of perturbative IIB orientifold models on Calabi-Yau complete intersections
in toric varieties. This procedure works on Calabi-Yau orientifolds where the involution
coordinate can have arbitrary projective weight, as opposed to the well-known hypersurface
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1 Introduction

F-theory [1] is a tool that encodes information about IIB seven-brane models geometrically
in an intrinsically non-perturbative way. However, Sen’s procedure [2-4] puts F-theory
models directly into contact with perturbative IIB orientifold setups with D7-branes, by
taking the weak coupling limit in a geometric way. This limit of Sen has allowed for much
progress in understanding I1B vacua, as it makes it possible to relate F-theory models to
M-theory and Heterotic compactifications. The F-theory/IIB link allows one to reliably
compute many useful quantities such as curvature induced charges on D7’s and O7’s via
the formula in [5], the dimensions of moduli spaces of IIB setups, and to establish necessary
conditions for D-instantons to make contributions to superpotentials [6]. For a thorough
introduction to F-theory, see [7]

However, the reverse procedure of lifting a given IIB orientifold compactification on
a CY threefold to an F-theory CY fourfold is not yet under full control. Although the
procedure to do this is in principle clear, the technicality of the task has limited the
literature to studying only a subset of models where the IIB Calabi-Yau threefold is a
hypersurface given by an equation of the form

E+P=0, (1.1)

and the orientifold involution is £ — —&. Such models include the Py 1 169(18) geometry
studied in [8], the P11 11.4(8) and P; 1,2,2,6(12) models used in [9], and also the P; ; 1 2 5(10)

model. The corresponding fourfolds for some of those models can be found in [10]. In all
these cases, the last coordinate, whose degree is half the degree of the CY hypersurface, is



taken as the involution coordinate, such that the hypersurface has the familiar form (1.1).
Other models that have been succesfully studied are toroidal CY’s, [11, 12]. This is a
severe limitation on model building, as one cannot choose the involution at will, and cannot
generate O3-planes. In fact, one cannot lift any O7/03 models on the CY quintic!

One possible obstruction to finding more general lifts is perhaps the fact that, until
recently, the computation of the D3-tadpole induced by a generic involution invariant D7-
brane on a divisor of a CY threefold was not possible. In principle, the formula by Sethi,
Vafa and Witten in [5] relates the Euler characteristic of the F-theory fourfold to the
induced D3 charges on the D7-brane and O7-plane. Numerically, however, this does not
match up unless one takes into account the fact that a generic involution invariant D7-
brane is singular. Therefore, even if one knew how to construct an F-theory fourfold for a
given IIB setup, one had no reliable way of checking, whether it was the right one.

In [13], this mismatch was solved by taking the singularity of the D7-brane into account,
thereby bridging the gap between F-theory and IIB theory. The main message of that
paper, however, is the fact that D7-branes have a more natural habitat in the tachyon
condensation picture of Sen, [14], whereby in the orientifold case only even ranked stacks
of D9/anti-D9 pairs are allowed. This is the technique that I will use in this note, as
opposed to blowing up singularities.

In this note, a simple procedure is presented to explicitly construct F-theory fourfolds
(with sections) from arbitrary IIB orientifold models on complete intersection Calabi-Yau
threefolds with arbitrary, holomorphic orientifold involutions of type hYt = 0. The basic
idea is to first construct the base for an elliptic fibration, which will be the Zy quotient of
a CY threefold, as the complete intersection of n — 3 equations in an n-dimensional toric
manifold. This is in contrast to the usual known cases, where the base is itself already
toric. Therefore, the F-theory fourfold will end up being the complete intersection of those
n — 3 equations with the Weierstrass equation in a toric n + 1-fold. The procedure will
be worked out in detail for the Calabi-Yau quintic, where an O3-plane is present; and in a
case without O3’s, in the resolved P; 1 22 2(8) hypersurface.

sy 4y

2 The quintic permutation orientifold

2.1 1IIB data
2.1.1 The CY orientifold

In this section, we will consider a IIB orientifold based on the permutation of two coor-
dinates of the quintic Calabi-Yau manifold. Defining the projective space CP* with the
homogeneous coordinates (1 : 2 : o3 : x4 : x5), the quintic CY threefold is defined as the
vanishing locus of a homogeneous degree five polynomial.

To setup a IIB orientifold theory of type O7/03 on this space, we need to define a
holomorphic involution, i.e. a holomorphic map from the space to itself that squares to
the identity:

o0:X3— X3 suchthat coo=id. (2.1)



We will choose o to be the map z5 — —z5. Via a linear coordinate transformation,
this involution is equivalent to a permutation of two coordinates, however, it is easier to
work with the choice made here. In order for the CY threefold to be invariant under this
involution, it is sufficient to require that the defining quintic polynomial contain only even
powers of x5. As long as there is a term of the form (x5)*- P(l)(xl, ..., xy), the polynomial
will be transversal.

This involution has two fixed-point loci:

1. O7-plane: This is the divisor defined by x5 = 0.
2. O8-plane: This is the point defined by z; = ... =24 =0, and x5 = 1.

Note, that this O3-plane s contained in the quintic hypersurface, as we have banned the
term x5° from the quintic polynomial.

2.1.2 D7-brane geometry

Since the involution has an O7-plane defined by x5 = 0, which is a divisor of the hyperplane
class H (i.e. Poincaré dual to the generator of H?(X3,7Z)), in order to cancel the D7
tadpole, there must be a D7-brane wrapped on a divisor S of class 8 H. Following the
Dirac quantization and the K-theoretic arguments put forward in [13], we deduce that S
must be a singular surface mimicking the Whitney umbrella, given by an equation of the
following form:

n”+aix =0, (2.2)

where 7 and x are polynomials of degree 4 and 6, respectively.

As explained in [13], there are two ways to deal with D7-branes of Whitney-type:
One can blow-up the double curve singularity given by the locus where the D7 intersects
the O7, or one can contruct the D7 as the tachyon condensate of a rank two! stack of
D9-branes and its orientifold image anti-D9 stack. As is emphasized in that paper, the
tachyon condensation picture is the most practical one. From it, we can compute the
induced D3-charge almost instantly.

Let us choose the gauge bundles on the stacks as follows:

D9; D9, D9; D9,
E=0(~a)®0(a—4), E=0(a)®04—-a),

where a is some integer. The tachyon field, 7', is then a linear holomorphic bundle map
T : E — E. Alternatively, it is a section of F ® E. The orientifold condition on it is

the following
o*(T)=-T". (2.3)

The most general solution is represented by a two by two matrix of the following form

(0 Y, (o) vw
r= (—n<u> 0 )* : (wu) r<u>>’ 24

'Tt can be shown by a probe argument, [15], that one must in general have even-ranked stacks in order

to cancel K-theory charges.



where (n, x5, p, 1, 7) are of degree (4, 1,20 —-1,3,7 — 2a) H, respectively. In order for all
entries to be globally well-defined sections, they must have positive degree, which means
that we have the following bound:

I>a>1. (2.5)
The equation for the surface S of the D7-brane will then be given by the locus where the
tachyon map fails to be invertible, i.e. by the determinant equation

S:det(T)=n* — 22 (W*> —p7)=0. (2.6)
Note, that (2 — p7) is a non-generic form of the expected polynomial y in (2.2). This

restriction of the D7 geometric moduli signals the presence of a non-trivial U(1) flux on
the D-brane.

Let us now calculate the total charge vector, or Mukai vector for this system, which
is defined as the sum of the charge vectors of the D9 and anti-D9 stacks. The individual
charge vectors are given by the well-known formula ([16-19]) ch(F)+/Td(X3). The sum
gives us

X
Tpr = (eaH L) H _ —al 6(cwzl)H) <1 + %) (2.7)

st (%m0 1) (o 7)) o)

where w = H?3/5, and we have used ca(X3) = 10 H2. The O7-plane induces a D3 charge of
x(07)/6 = 55/6. The total induced D3 charge Q' coming from the D7 and the O7 is then

equal to
;195 1 7

It can be shown that the second term corresponds to a contribution of the form F2/2, from
a necessary U(1) flux that compensates for a Freed-Witten anomaly. A heuristic argument
for this is the observation that, if one artificially saturates the bounds in (2.5) by setting
a to 1/2 or 7/2, then the polynomial p or 7 becomes a constant, respectively. In the case
a = 1/2 (without loss of generality), the determinantal equation of the surface S becomes:

det(T) = n* — a3 (V> — p) =1° — a3 x, (2.10)
after a redefinition of p. This means that the D7-brane no longer has a flux constraining
its geometric moduli. Since the second term in (2.9) vanishes when the bound is artificially
saturated, we see that it must be the contribution due to a flux, which means that 195/2 is
the curvature induced part of the charge. In fact, one can directly calculate the so-called
orientifold Euler characteristic of the singular D7-brane defined in [13] and see that it
matches this number. This can be proven rigorously by first blowing-up the surface .S, and
then computing the flux explicitly, which is a more cumbersome approach.

Hence, the curvature induced part of the charge Q¢ is equal to 195/2, and the rest,
QF, is flux induced. The O3-plane contributes with a charge 1/2, so that the total D3
tadpole is

Qi+Q03ZQC+Q03+QF=98+20<CL—%> <a—g>. (2.11)



2.2 F-theory lift

The purpose of this note is to give an F-theory description of the IIB setup introduced
in the previous subsection. The main task is to construct a Calabi-Yau fourfold Y; that
encodes the I1B setup in its geometry. We will construct Y by running Sen’s procedure in
reverse: First, we will parametrize the quotient space By = X3/Zy of the orientifold in a
convenient way. Second, we will proceed to construct an elliptic fibration over this quotient
space that encodes the D7-brane and O7-plane data.

Define the weighted projective space WCP%,LLL? with corresponding coordinates
(y1,%2,Y3,Y4,h). This will be the ambient space in which B3 will be defined as a hy-
persurface. Now define the following map:

q: WCP* — WCP{, 1, (2.12)

q : (x1,72,23,24,75) = (Y1,Y2,Y3,Ya, h) = (v1, 22, T3, 74, 23) . (2.13)

Notice that this map is everywhere surjective, and 2 to 1 everywhere except at the fixed-
point loci, x5 = 0, and (0,0,0,0,1). The latter will induce an orbifold singularity in the
quotient space. Our desired quotient space Bjs is defined as the hypersurface in the weighted
projective space given by original quintic equation P°, where x5° gets replaced by h, and
x; by y;, for i = 1,2, 3, 4:

PO (y1, 92, y3, ya, h) = PO (y1, y2, y3, ya, h) (2.14)

whereby ‘5’ is meant as the homogeneous degree of both polynomials, not as the power of
the arguments, since h has degree two. This is possible because we required P®) to depend
only on even powers of xs.

We may now proceed to construct the elliptic fibration over Bs. In order for the
fourfold to admit a weak coupling limit, we want a fibration of type Fg. The elliptic fiber
is then a hypersurface in W(CIP%’?,J, with coordinates (z,y,z), given by an equation of
the form

V=234 fat 4928, (2.15)

To turn this into a fibration over Bs, we must promote the coefficients f and g to poly-
nomials in the base coordinates, and to make contact with Sen’s orientifold limit of F-
theory [2, 3], these polynomials must be parametrized (redundantly) in the following way:

f=-3h2+Cn,

C2
g:—2h3+Chn—1—2X, (2.16)

where h is the coordinate of weight two,  and y are the polynomials of degree 4 and 6
defined in the previous subsection, and C is a constant that is taken to be small in the
weak coupling limit.

In order for equation (2.15) to be well-defined, (z,y,z) should also transform non-
trivially under projective equivalence of the base space. The toric weights for the full

ambient space are given in table 1.



yi |y |ys|ya|h|o|y]|z
1 (1|1 11]2]2]|3]|0

001000} 2(3]1

Table 1. Projective weights under the two C* actions for the ambient sixfold Y.

Notice that we have defined a toric ambient sizfold, Ys, and the CY fourfold Y, will be
given as a codimension two space defined by the intersection of the vanishing loci of the
equations (2.14) and (2.15). The Stanley-Reisner ideal for this toric space has the following
two elements:

{y192y3y1h 5 xy2}. (2.17)
In this notation, each entry consists of a set of coordinates that are not allowed to vanish

simultaneously.
We identify two inequivalent divisor classes:

H =Dy, =Dy, =D, (2.18)
F =D, +D,. (2.19)
In this basis we have:
1 1
D,=2H, §D$:§Dy:F, D,=F—H. (2.20)

The Calabi-Yau fourfold Yy is defined as the intersection of two polynomials of class 5 H
and 6 F', respectively. The non-vanishing intersection numbers are the following:

5
H3F =H*F?> =HF? :F4:§. (2.21)

The half-intergral nature of these numbers signals a Zo-orbifold singularity in the fourfold,
due to the O3-plane. In the fourfold, the singularity is located at

{pp=0rn...0{ys =0} n{y? =3+ fazt + 925, (2.22)

which is just an elliptic curve in the fourfold. More specifically, it is the fiber above the
locus of the O3-plane. Hence, in this F-theory lift, the O3 plane is encoded as an elliptic
curve of Zg singularities. Such singularities were described for toroidal fourfolds in [12],
where it was shown that they are ‘terminal’, i.e. do not admit a crepant resolution. They
were also encountered in [11]. Since the O3-plane is not charged under the axio-dilaton,
we should not expect the fiber to degenerate above it. This can be easily confirmed as
follows. By inspecting the polynomials f and g in Sen’s limit (2.16), we see that they
must be sections of 4 H and 6 H, respectively. Evaluating the functions at the locus of the
03 (2.22), we see that only monomials depending exclusively on h can survive. Hence, the
polynomials will be of the form:

f=ah®?, and ¢g=>bh3, (2.23)



where, a and b are constants that get contributions from all terms in (2.16), not just the
first terms. We can now compute the discriminant of the elliptic curve above this locus as
follows:

A=4f3427g% = (4a® +270*)n°. (2.24)

This is non-zero for generic choices of f and g. Hence, the elliptic fiber is perfectly reqular
above the O3-plane.

Let us now perform a test on this F-theory lift. According to the formula in [5], the
Euler characteristic of Yy divided by 12 should give us the total D3 tadpole as measured
in the covering space of the orientifold. Using the adjunction formula, we can compute the
total Chern class of the fourfold as follows:

(1+2H) A+ H)*(1+2F)(1+3F)(1+F —H)

V) = . 2.25
e(¥a) (1+6F)(L+5H) (2:25)

The fourth Chern class is then
ca(Yy) = 360F* + 12F3 H + 87 F? H> + 9F H® + 183 H* . (2.26)

From this, and the intersection numbers in (2.21) we can compute the Euler number of Yy
x(Yy) = 1170. (2.27)

Note, that we have neglected the orbifold singularity in computing this number. It is very
well possible that the top Chern class of the tangent bundle ‘misses’ this singularity due
to its high codimension (in this case three).

Now, we can compute the predicted value of the curvature induced D3 charge, as
measured from the threefold covering space, from F-theory as follows:

x(Y2)/12 =195/2 = Q°, (2.28)

which exactly matches the expected value for the curvature induced charge in (2.9). This
calculation does not ‘see’ the contribution from the O3-plane.

3 The resolved WCIPiIQQQ(S) orientifold

In this section, I would like to provide an example where no O3-planes, and hence no
singularities, are present, to show that the procedure works and gives the right results
when calculations are reliable.

3.1 IIB data
To define the toric fourfold X, that will be the ambient space of our Calabi-Yau threefold,

we begin by writing down the coordinates, and their respective charge assignments with
respect to the two C* toric actions in table 2.
The Stanley-Reisner ideal reads

SR = {z119; x3047576}.



T1 | X2 | X3 | X4 | X5 | Xe | P
1 1 2 2 2
0 0 1 1 1 1|4

Qo

Table 2. Projective weights under the two C* actions for the ambient fourfold X,. The last column
denotes the degrees of a CY hypersurface.

The Fermat-like equation defining the Calabi-Yau three-fold X3 is the following;:
(25 + 2d) af + a5+ 2t + 2t =0. (3.1)
In the basis H = Dy = Dy; G = D3, Dy, D5, this defines a divisor in the class [4 G]. The
non-vanishing triple intersection numbers are
HG? =4, G*=8. (3.2)
Using the adjunction formula, we can deduce the second Chern class of Xjs:
c2(Xs3) = (6G*+2GH). (3.3)

Let us now pick the involution 3 — —x3. The fixed-point locus is the O7-plane
defined by the divisor 3 = 0, of class G. Notice that the fixed-point locus given by
r4 = ... = x¢ = 0 does not intersect X3.

Running through the same procedure as before, we build the D9 and anti-D9 stacks
with fluxes as follows:

D9; D9y, D9, D9,
E=0(-aG)®0((a—4)G), E=0aG)®0((4-a)q).

Once again, we have the bounds? 7/2 > a > 1/2. The induced D3 tadpole in this case is:

%%—32 (a—%) (a—g>. (3.4)

Adding the induced charge from the O7-plane, we get the following:

400 64

Qi=7+6+32<a—%> (a—g>:144+QF, (3.5)

where the last bit is again a flux induced charge.

3.2 F-theory lift

Following the procedure defined in the previous model, we first define a Zs orbifold of the
ambient fourfold by the following map:

q: Xy Xy/Zs (3.6)

q: ($3,$1,IE2,IE4,IE5,IE6) — (haylay25y4ay57y6) = ($§a$1a$2a$4a$5a$6) . (37)

In this case, it might be possible that setting a = 1/2 actually corresponds to the splitting principle
construction of a bona fide rank two bundle on X3. It would be interesting to use the techniques in [20] to
check this.
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411 1 2 2
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Table 3. Projective weights under the three C* actions for the ambient fourfold X4/Z.

Y1 | Y2 | Y4 | Y5 | Y6
111121210

0Ojo0| 111
00101010

OIN| =]

[l ==X =N IR\

N[N R
Wlw|lo|w

Table 4. Projective weights under the three C* actions for the ambient sixfold Y.

The toric space X4/Zs is defined by the data in table 3 and the SR ideal

{v192; yaysysh} - (3.8)

The base B3 of our F-theory fourfold is then a hypersurface given by an equation of the form
W+ (F +y3) vg + v +y5 = 0. (3.9)

The corresponding F-theory fourfold Y} is readily made by creating an ambient sixfold
Y, of which the toric weights are defined in table 4.
The Stanley-Reisner ideal reads:

{y1v2; vaysysh; vyz} . (3.10)

We define the basis

1
3
The CY fourfold Y} is then the intersection of the Weierstrass equation with (3.9). The

non-vanishing intersection numbers are the following:

1
H=D, =D,, G=D,, F=;D,=:D,. (3.11)

F'=FG=F"G=FG*=4
F3H =F*GH=FG?H =2. (3.12)
The fourth Chern class of the fourfold Yy is the following:
ca(Ya) = +(360 F* + 12 F* G+ 43F?° G* +5F G* + 22 F°GH +2F G* H) .
We can easily compute the Euler number to be the following:
X(Yy) =cy(Yy) - 6F-4G =1728. (3.13)

We can now compute the D3 tadpole, as measured from the CY threefold covering space,
to be

1728
— =144 14
2, (314)
which precisely matches the result from (3.5).
N(Y2)/12 = 144 = Q° (3.15)



4 Conclusions

In this note, a simple procedure was devised to construct an elliptically fibered F-theory
CY fourfold given a CY threefold with an O7/03-type orientifold involution with ntt=o.
The method was worked out in two examples: The quintic CY with an O3-plane, and the
resolved WCIPy ; 2.22(6) hypersurface without O3-planes. In the first case, we saw that the
O3-plane yields a regular elliptic curve worth of Zs-orbifold singularities in the fourfold.
The second case yielded a smooth CY fourfold. In both cases, the curvature induced D3-
tadpoles predicted by computing the Euler characteristics of the F-theory fourfolds were
successfully matched with the IIB K-theoretic predictions. This is a highly non-trivial test

of these fourfold constructions.

Although the case with the O3-plane yielded a singular F-theory fourfold, the naive
Euler characteristic of the fourfold seems to ‘miss’ this curve of singularities, as it numeri-
cally matches the tadpole calculation performed in the IIB tachyon condensation picture.
This might be due to the high codimension of the singularity.

I have no proof that this phenomenon will always happen, however 1 have checked
two other simple cases where this persists: the WCPy 11,25(10) hypersurface, where this
naive computation of the fourfold Euler characteristic gives xy = 378, which matches
the expected IIB tadpole if one again excludes the O3 contribution; and the resolved
WCP; 1,1,6,9(18) hypersurface, where, the fourfold has a naive Euler characteristic x = 216,

again matching the K-theoretic result. In both cases, I took a coordinate of weight one as
the involution coordinate.

The second case worked out in this note has no O3-planes, and hence no singularities
in the fourfold. In this case, one can reliably match the IIB tadpole calculation to the
Euler characteristic of the fourfold.

The method can be easily generalized to any CICY threefold. If the threefold is,
for instance, a hypersurface, the idea is simply to construct the Zs-orbifold of the CY
threefold as a hypersurface of a toric fourfold, as opposed to the usual construction where
the orbifold itself is already toric. Then, a fibration over the base is easily made by adding
three coordinates and imposing a Weierstrass equation. In the end, the CY fourfold is
described as a codimension-two submanifold of a sixfold. This can of course be generalized
to CY’s that are CICY’s with higher codimension.

This technique lifts a road block in IIB model building, hopefully making it possible to
answer interesting questions such as the role of O3-planes in F-theory, and the necessary
conditions for instantons to contribute to superpotentials in model building.
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